Abstract. A relation between formal groups and reciprocity laws is studied following the approach initiated by Honda. Let ξ denote an mth primitive root of unity. For a character χ of order m, we define two one-dimensional formal groups over Z[ξ] and prove the existence of an integral homomorphism between them with linear coefficient equal to the Gauss sum of χ. This allows us to deduce a reciprocity formula for the mth residue symbol which, in particular, implies the cubic reciprocity law.
Introduction
In the pioneering work [H2] , Honda related the quadratic reciprocity law to an isomorphism between certain formal groups. More precisely, he showed that the multiplicative formal group twisted by the Gauss sum of a quadratic character is strongly isomorphic to a formal group corresponding to the L-series attached to this character (the so-called L-series of Hecke type). From this result, Honda deduced a reciprocity formula which implies the quadratic reciprocity law. Moreover he explained that the idea of this proof comes from the fact that the Gauss sum generates a quadratic extension of Q, and hence, the twist of the multiplicative formal group corresponds to the L-series of this quadratic extension (the so-called L-series of Artin type). Proving the existence of the strong isomorphism, Honda, in fact, shows that these two L-series coincide, which gives the reciprocity law.
Childress and Stopple [CS1] , [CS2] made an attempt to generalize Honda's results to the higher reciprocity law. They proved that a twisted higher-dimensional multiplicative formal group is strongly isomorphic to a formal group corresponding to a matrix L-series of Hecke type. In [CS1] , they study formal groups over local fields whose dimension is equal to the degree of the local field extension generated by a root of unity corresponding to the order of the character. In [CS2] , the object of their research is formal groups over global fields of dimension p − 2, where the character is defined modulo p. In fact, none of these papers contains a reciprocity result. Later, Childress and Grant [CG] applied the construction from [CS2] and deduced from it a partial result on the way to the Eisenstein reciprocity law. Grant [G] combined this approach with a generalized Stickelberger relation for commutative group varieties with complex multiplication and obtained in this manner a geometric proof of the Eisenstein reciprocity.
In the present note, our aim is to give an alternative generalization of Honda's results. Having in mind a character of order m, we define a formal group G depending only on m. This formal group plays the same role as the multiplicative formal group in Honda's considerations. Then a formal group H corresponding to the L-series of a character χ (which is of Hecke type) is introduced, and the existence of an integral homomorphism from H to G with linear coefficient equal to the Gauss sum g of χ is proved. This is, of course, equivalent to the fact that H is strictly isomorphic to G twisted by g. Since the latter formal group can be interpreted as coming from the L-series of the extension generated by g (which is of Artin type), one can deduce from it a reciprocity formula for the mth residue symbol. This formula is an essential step in the proof of various reciprocity laws. To illustrate this, we show that it implies the cubic reciprocity law and a special case of the biquadratic reciprocity law. Moreover, combined with the Stickelberger relation, our formula gives the Eisenstein reciprocity law (see [IR] ).
Our main tool is the theory of formal group types developed by Honda in [H1] . It allows us to avoid heavy computations with formal power series typical to [CG] and to keep all proofs only a few lines long. Unlike [CS1] , [CS2] and [CG] , we do not consider higher-dimensional formal groups, but only one-dimensional formal groups whose p-height is equal to the degree of the extension of Q p generated by an mth root of unity. In the case where a primitive mth root of unity belongs to Q p , the formal group appearing in [CS1] is one-dimensional, and the construction described there becomes equivalent to ours up to a p-integral isomorphism. Notice that this approach has never been developed for proving a reciprocity result. The reciprocity formula established in this note is similar to that from [CG] , but it has fewer restrictions on the parameters involved.
The outline of the paper is as follows. The main results related to types of formal groups are summarized in Section 1. Further, we recall Honda's proof of the quadratic reciprocity (Section 2) applying formal group types instead of performing computations with formal power series. A higher reciprocity formula for the mth residue symbol (Theorem 3.3) is proved in Section 3. In Section 4, this reciprocity formula is applied for the cases m = 3 and m = 4, and another simple reciprocity formula (Proposition 4.1) is obtained. Performing standard manipulations with residue symbols we deduce from it the cubic reciprocity law (Proposition 4.2).
Preliminaries on formal groups
A one-parameter commutative formal group law (or just formal group) over a ring A is a formal power series
. Given a formal group F over A, one can define a group structure on the set of formal power series over A without constant term as follows: g(x) ). For formal groups F and F over A a homomorphism from F to F is a formal power series f ∈ A [[x] ] without constant term such that f (F (x, y) 
] is such that λ(x) ≡ x mod deg 2, then there exists a unique inverse under composition λ −1 , and F (x, y) = λ −1 (λ(x) + λ(y)) is a formal group over A. The formal power series λ a (x) = x defines the additive formal group F a (x, y) = x + y, and λ m (x) = − log(
] is a homomorphism from F to F . Finally, suppose that char A = 0. Then for any formal group F over A, there exists a unique 
] if and only if there exists w ∈ E such that wu = u c.
Quadratic reciprocity law
For an odd prime q, let χ be the Legendre symbol χ(n) = y] ] by Proposition 1.1.
Proof. We have
Proposition 2.2. If p = q is an odd prime, then
Proof. For any odd prime p = q, the extension Q p (ζ)/Q p is unramified. By Propositions 2.1 and 1.2 there exists w ∈ E such that
Taking into account that 
Lemma 3.1 and Proposition 1.1 imply that
The formal group G will play the same role as F m in the previous section. If m = 2, then Q p (ξ) = Q p and d p = 1 for any odd prime p. Hence, Ψ(l) = 1 for odd l, Ψ(l) = 0 for even l, κ(x) = (l,2)=1 x l /l, and G(x, y) = (x + y)(1 + xy) −1 . This formal group could be used in the previous section instead of F m .
Let q be a prime such that q ≡ 1 mod m, χ be a nontrivial character modulo q of order m, and ζ be a primitive qth root of unity. The following properties of the Gauss sum g = q−1 n=1 χ(n) −1 ζ n can be easily proved: χ(l)g = q−1 n=1 χ(n) −1 ζ nl and g m ∈ Q(ξ) (see [IR, Propositions 8.2.1 and 8.3.3] ). Now put μ = λ χ , H = F χ .
Theorem 3.2. [g] H,G ∈ Z[ξ, ζ][[x]].
Since for any prime p m, the extension Q p (ξ)/Q p is unramified, and the type of κ commutes with ξ in E, Proposition 1.2 implies that [χ(n) , where N denotes the norm of the ideal in Q(ξ).
